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C\l '. Abstract 
j—> ' 

■ First, sufficient conditions are given for a triangular array of random vectors such that the sequence of 

related random step functions converges towards a (not necessarily time homogeneous) diffusion process. 
These conditions are weaker and easier to check than the existing ones in the literature, and they are 
derived from a very general semimartingale convergence theorem due to Jacod and Shiryaev, which is 
hard to use directly. 

Next, sufficient conditions are given for convergence of stochastic integrals of random step functions, 
where the integrands are functionals of the integrators. This result covers situations which can not be 
Qh ' handled by existing ones. 
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1 Introduction 



The aim of the present paper is to obtain a useful theorem concerning convergence of step processes towards 
a diffusion process. We derive sufficient conditions (see Theorem 12. II and Corollary 12. 2p from a very general 
semimartingale convergence theorem due to Jacod and Shiryaev [5] Theorem IX. 3. 39]. (This theorem of 
Jacod and Shiryaev is hard to use directly, since one has to check the local strong majoration hypothesis, 
the local condition on big jumps, local uniqueness for the associated martingale problem, and the continuity 
condition.) Theorem 12.11 can also be considered as a generalization of the sufficient part of the functional 
martingale central limit theorem (see, e.g., Jacod and Shiryaev [5J Theorem VII. 3. 4]), but Theorem 12.11 
allows not necessarily time homogeneous diffusion limit processes as well. Similarly, Corollary 12.21 can be 
considered as a generalization of the sufficient part of the Lindebcrg- Feller functional central limit theorem 
(see, e.g., Jacod and Shiryaev [H Theorem VII. 5. 4]). 



There are several diffusion approximations in the literature, but they contain assumptions which are 
stronger and more complicated to check. For example, Ethier and Kurtz [21 Theorem 7.4.1] deals only with 
the time homogeneous case, and their conditions (4.3) — (4.7) are hard to check. The result of Joffe and 
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X 
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Metivier [7, Theorem 3.3.1] is not easy to use, since their conditions (Hi) and (H4) are rather complicated to 
check. Gikhman and Skorokhod 3, Theorem 9.4.1] covers only convergence of Markov chains, and it contains 
Lipschitz conditions on the drift and diffusion coefficient of the limiting diffusion process, and assumes finite 
2 + S moments for some S > 0. Our Theorem 12.11 and Corollary 12.21 are valid not only for martingales 
or Markov chains, since we do not suppose any dependence structure. The conditions are natural, since 
uniform convergence on compacts in probability (ucp) is involved. (The role of the topology of the ucp is 
nicely explained by Kurtz and Protter [TO].) 

We also develope sufficient conditions (see Theorem [32] and Corollarv l3.3|) for convergence of stochastic 
integrals of random step functions, where the integrand is a functional of the integrator. We mention that 
our result covers situations which can not be handled by the convergence theorems of Jacod and Shiryaev 
Theorem IX.5.12, Theorem IX.5.16, Corollary IX.5.18, Remark IX.5.19]. There is a nice theory of 
convergence of stochastic integrals due to Jakubowski, Memin and Pages [6] and to Kurtz and Protter [8], 
[9], [ID]. The key result of this theory says that if (W")„ e N is a uniformly tight sequence of semimartingales 
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(or, equivalently, it has uniformly controlled variations) then it is good in the sense that (U n ,V n ,y n ) — ► 
(U,V,y) whenever (U n , V n ) (W, V), where y? := J Q ' V™_ dW™ and y t := J *V s _dZ4- In our Theorem 
13.21 and Corollarv l3.3i the sequence (U n ) n ^ of semimartingales is not necessarily good (see Example 12. 3p . 

In the proofs the simple structure of the approximating step processes and the almost sure continuity of 
the limiting diffusion process play a crucial role. 

As an application of these results, a Feller type diffusion approximation can be derived for critical 
multitype branching processes with immigration if the offspring mean matrix is primitive, and the asymptotic 
behavior of the conditional least squares estimator of the offspring mean matrix may be established, see 
Ispany and Pap [4], which will be the content of a forthcoming paper. 



2 Convergence of step processes to diffusion processes 

A process (Ut)tER + with values in R d is called a diffusion process if it is a weak solution of a stochastic 
differential equation 

dU t = f3(t,Ut)dt + j(t,U t )dWu (2.1) 



arc 



where K + denotes the set of nonnegative real numbers, (3 : R + x M d — ► R d and 7 : M + x R d — > R dX7 
Borel functions and (Wt)teB. + is an r-dimensional standard Wiener process. 

If (fi, A, P) is a probability space, T C A is a er-algebra, and £ : £1 — > R d is a random variable with 
E(||£|| 2 I J~) < 00 then Var(£ | T) will denote the conditional variance matrix defined by 



Var(£ I F) := e((£ - E(£ | T)) (£ - E(£ | T)) T \ T 



(Here and in the sequel, ||x|| denotes the Euclidean norm of a (column) vector x E M. d , A T and tr A 
denote the transpose and the trace of a matrix A, respectively.) The set of all nonnegative integers and 
the set of all positive integers will be denoted by Z + and N, respectively. The lower integer part and the 
positive part of x £ R will be denoted by [^J and 24., respectively. 



Theorem 2.1 Let [3 : R + x 



l d and 7 



vdxr 



be continuous functions. Assume that the 



SDE (|2.ip has a unique weak solution with U = u for all u <= R d . Let r\ be a probability measure on 
M. d , and let (L(t)teM,+ oe a solution of (|2.1[) with initial distribution r\. For each neN, let (U£ )fegz + 
be a sequence of random variables with values in M. d adapted to a filtration (J 7 ^)^: 



Let 



Ul 



\nt\ 
k=0 



t e 



n e N. 



Let h 



be a continuous function with compact support satisfying h{x) = x in a neighborhood of 



0. Suppose Uq — > T], and for each T > 0, 



(i) sup 

te[o,T] 



\nt\ 



E I Fk-i) — Jo P{s,Ug) ds 



fc=i 



[ntj 



E Var(/i(t^) I - J t 7(s,^) 7 ( S ,W s ") T d S 



fe=i 



(ii) sup 

fe[o,T] 

(iii) POM > A I 

fc=i 



0, 



/or > 0. 



as n — > 00, i.e., £/ie distributions of U n on the Skorokhod space 
to the distribution of U on B(R d ). 



l d ) converge weakly 
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Proof. The process (Ui)teM + is a semimartingale with characteristics (B,C,0), where Bt := J * j3(s,U a ) ds, 
Ct '■= Jq j(s,U s )j(s, U s ) T ds (see Jacod and Shiryaev [SJ III. §2c]). In general, var£? and trC do not 
necessarily satisfy majoration hypothesis, where vara denotes the total variation of a function a S D(R d ). 
So we fix T > 0, and stop the characteristics at T, that is, we consider the processes {Bf) t£R and 
(Cf) feR+ defined by 



ptAT rt 

Bj:= / 0{8,U.)ds, Cj := / 
Jo Jo 



ft AT rtAT 



where tAT := mf{t, T}. Clearly, the stopped process (^ t T ) tgR+ defined by lA^ := Lit/\T is a semimartingale 
with characteristics (B T , C T , 0) . 

We will also consider the stopped processes (£/"' T ) 4gK+ , n £ N, defined by U"' T := U\\ T . We will 
check that all hypotheses of Theorem IX. 3. 39 of Jacod and Shiryaev [5] are fulfilled. 

Firstly, we check the local strong majoration hypothesis. For each a > 0, consider the mapping 

r a : B(R d ) -> [0,oo] defined by r a (a) := inf{t E M+ : \a(t)\ ^ a or |a(i-)| ^ a} for a e B(R d ), where 

inf := oo. Then the stopped processes (v&rBj AT (j^T)) (eR and ( trC^ T r^ T ))teK are strongly majorized 
by the functions £ i— > & ai T^ and 1 1— > c a .Tt respectively, where 

b a ,T ■■= sup sup ||/3(t,i)||, c a<T := sup sup \\j(t, x)\\ 2 . 

te[0,T] \\x\\^a *£[0,T] ||sb||<<j 

Indeed, for all s,t€ K+ with s < t, we have 

r tATAr a (W T ) 
/sATAr a (W T ) 



AT Ar a {IA T ) 
tATAT a (U T ) 



tlC lAr a (UT)-^Cj {UT) = / ||7(u,Wj)|| 2 du. 

JsATAT a {U T ) 



The process (Uf) tl - m+ is a. s. continuous, hence u ^ t A T /\ T a (U T ) implies ||Wj|| ^ a a. s, thus 



< 6 , T a.s., || 7 (w,Wj)|| 2 < c QjT a.s 



Consequently 



tATAT a (U T ) 

\\P(u,U^)\\du^ba,Tt-b a ,TS &.S., 

sATAtJU t ) 
tATAr a (U T ) 

\\j(u,U^)\\ 2 du c a . T t - Ca.TS a.s., 

sATAT a {U T ) 

hence the local strong majoration hypothesis holds. 

The local condition on big jumps is obviously satisfied, since the third characteristic of the semimartingale 
(^ T ) teR+ is 0. By the assumption, the martingale problem associated to the characteristics (B T ,C T ,0) 
admits a unique solution for each initial value uo S R d , thus Theorem III. 2. 40 of Jacod and Shiryaev [5] 
yields local uniqueness for the corresponding martingale problem as in Corollary III. 2. 41. The continuity 
conditions are clearly implied by the continuity of the functions j3 and 7. Convergence of the initial 
distributions holds trivially. 

For each n 6 N, the stopped process (W"' T ) teR is also a semimartingale with characteristics 

l«(*AT)J 

B^ T := E (Wl^i). 

k=l 

C T := 0, 

|n(tAT)J 

V n ' T ([0,t]xg):= J2 E (s(^)V fc V0}|^-i) 

k=l 
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for g : 



i + Borcl functions, and modified second characteristic 



L«(tAT)J 

C T := £ Yar ( h ( U k) I ^fc-i) 
fe=l 

(see Jacod and Shiryaev [51 II. 3. 14, II. 3. 18]). For each a > 0, assumptions (i) — (iii) imply 

ftAT Q (W T ) 



sup 

te[o,T] 



sup 

te[o,T] 
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tAr a (U T ) 



f3(s,U")ds 



0, 



tAT a (U T ) 



where g c : 



v n ' T ({0,T a (U T )]xg c ) 
l + is defined by 



for all c > 0, 



0. 



9c (i):=(cli|-l) + Al. (2.2) 

(Indeed, g c (^) ^ l{||x||>i/c} f° r au ^ G Therefore all hypotheses of Theorem IX. 3. 39 of Jacod and 

Shiryaev '•">] are fulfilled, hence for all T > 0, £/™' T — ^ U T . This implies that the finite dimensional 
distributions of the processes U n converge to the corresponding finite dimensional distributions of the 
process U (see Jacod and Shiryaev [5J VI. 3. 14]). 



The aim of the following discussion is to show the tightness of {U n : n G N}, which will imply If" 



u. 



For each T > 0, by Prokhorov's Theorem, convergence U 
By Theorem VI. 3. 21 of Jacod and Shiryaev [5], this implies 



U 1 implies tightness of {U n ' T : n G N}. 



oo, 



P( sup |iW t "' T H > K ) as n->oo and K 

P (w' T (U n ' T , 6) > 5) -> as n -> oo and (9 J. for all 5 > 0, 

where u;^(a, •) denotes the "modulus of continuity" on [Q, T] for a function a G D(K d ) (see Jacod and 
Shiryaev [5j VI. 1.8]). Since the above convergences hold for all T > 0, we conclude for all T > that 



( sup \\U?\\ 



> # 



as n — > oo and if — * oo, 



P (w' T (U n ,9) > 6) as n ->■ oo and J. for all <5 > 0. 
Again by Theorem VI. 3. 21 of Jacod and Shiryaev [5j, this implies tightness of {U n : n G N}, and we obtain 



W -=-► U. 



□ 



Corollary 2.2 Let (i, 7, 77, {UJ!)kez + , (FJ})kez + and U n for n<EN be as in Theorem \2.1\ Suppose 
that E(||J7^|| 2 I J r ^_x) < 00 for all n, k G N. Assume that the SDE (|2.ip has a unique weak solution 
with Ho = uq for all uq G R d . Let {Ut)teM + be a solution of (|2.ip with initial distribution rj. Suppose 
Uq — > r], and for each T > 0, 



(i) sup 

te[o,T] 



(ii) sup 

S£[0,T] 
LnTj 



|nt| 



k=l 



\nt\ 



E Var(C/ fc " I - f * 7 ( S ,^) 7 ( S ,W«) T d S 



fe=i 



0. 



(iii) £ Eflir^flfli^u^l^J-^Q /ora/Z > 0. 
fc=i 



TTiera W n 



W as n — > 00 . 
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Proof. Clearly, there exists K ^ 1 such that h(x) = x for ||a;|| ^ 1/K, h(x) = for ||x|| K, and 
\\h(x)\\ ^ K for all x G R d . Hence fr(x) - x = for ||x|| < 1/K and \\h(x) - x\\ < ||/i(x)|| + ||x|| < 
K + ||rac|| < (K 2 + l)\\x\\ for ||x|| > 1/if. Thus, we conclude 

||fr(x) - sell «S (K 2 + l)||i||l { || x ||>i/«:} < (K 2 + l)K\\x\\ 2 l {{[xll>1/K} (2.3) 

for all x G M. d . For all T > and all i G [0, T], applying (O, we get 



[ntj |n*J 

]T E(M^) | ^Lx) - £ E(C/ fe " | J£_ x ) 
fe=i fe=i 



< ^ Edi^-^m^) 

k=l 

lnT\ 



^ 2 + 1)x£e(|| 

fc=l 

which together with assumptions (i) and (iii) of this corollary imply condition (i) of Theorem 12.11 We have 
Var (fc(£#) | " Var {U% \ J^_ x ) = E(h(UZ)h(U£) T - U^{U^) T \ J^_ x ) 

+ (E(h(U%) | ^_ 1 ) E (W) T I T-i) - | ^_i)E((E7£) T I *a-0) ■ 
For arbitrary matrices A, B, C, D G R dxr , we have 

||AB T - CZ? T || < p - C|| ■ ||B|| + ||A|| ■ \\B - D\\ + \\A - C\\ ■ \\B - D\\, 
hence applying (|2.3p and ||/i(x)|| ^ K valid for all x G R d , we obtain 

[ntj L™*J 

E llE(fe([/£)Mttf) T - ^w) T i H-x) II < E e ( 2 iimc#) - umumw + wnm un 2 \ 
fc=i fc=i 

[ntj 

< (k 2 + i)(3K 2 + £(\\un 2 Mmm/K } | n-i)- 

k=l 

In a similar way, we obtain 

\nt\ 

£ ||E(h(C7£) l^.jE^r - E^I^E^r 1^)11 

fc=i 

[ntj / [ntj 

^ 2K 2 (K 2 + E(\mfl { \\uz\\>i/K} | H-i) + K 2 {K 2 + 1) 2 £ ^kfH\\un>VK } \ H-i) 

fc=i Vfc=i 

These inequalities together with assumptions (ii) and (iii) of this corollary imply condition (ii) of Theorem 
|2~T1 We have 

?{\\Un> 0\H_A ^6- 2 £(\\un 2 M\\u n >e}\^k l -i), 
thus assumption (iii) of this corollary implies (iii) of Theorem 12.11 □ 

Example 2.3 We give an example for a system (£/£)„£>, fcez + of random variables satisfying conditions 
(i) — (iii) of Corollary 12.21 such that the sequence {U n ) n ^ of semimartingales is not good (see the Intro- 
duction). 

Let (?7fc)fceN be independent standard normal random variables. Let Uq :— 0, E/£ := —rij/y/n, 
:= Ugj_ 2 := r l3 /y^i and T^_ x := a(U^, . . . , U^) for j,n G N. Then conditions (i)— (iii) of 
Corollary 12. 21 are satisfied with /3 = and 7 = l/y3. For each n G N, let 



/ w s _ du: = e^"E ^i 1 = 2 (w " )2 - 2 ^ (f4 " )2 

fc=l 3=1 fc=l 



Then, by Corollary E2 W n -=-»• W := VV/V3, where (W t )teK+ 

is a standard Wiener process. Moreover, 
Efe=i (UQ ) 2 t, hence J *W S "_ dW s " i(W t ) 2 - \t. But, by Ito's formula, J*U S ^ dU s = \{{W t ) 2 - t), 
thus the sequence (J *W™_dZ^™) does not converge to Lli s -dLi s . Consequently, the sequence (li n ) n en 



of semimartingales is not good. 
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3 Convergence of integrals of step processes 



For a function a £ 0(R d ) and for a sequence (a„)„ e N in B(R d ), we write a n — a if (a„)„ e N 
converges to a locally uniformly, i.e., if sup t6 j 0T ] ||a„(t) — ot(t)\\ — > as n — > oo for all T > 0. The 
space of all continuous functions a : R + — ► M. d will be denoted by C(R d ). For measurable mappings 
$ : D(R rf ) -> D(Rf) and $„ : D(M d ) -> D(R P ), n£N, we will denote by C<i>,(<i> n )„ 6N the set of all functions 

a £ C(R d ) such that $(a) G C(R P ) and $„(a„) $(a) whenever a„^a with a„ G D(R d ), neff. 
If $„ = $ for all n £ N then we write simply C$ instead of C*,(*„) N - Further, C$ ($ n ) B N will denote 
the set of all functions a 6 Cjj^u, such that $(a„) $(a) whenever a„ —> a with a„ e 
n£N. Finally, f *,($„)„ eH will denote the set of all functions a G H>(R d ) such that $„(a„) — > in 
D(M P ) whenever a n —>■ a in E>(R d ) with a„ G D(M d ), n G N. We need the following version of the 
continuous mapping theorem several times. 



Lemma 3.1 Let (Ut)te$L + and (U")t£g. + > n £ N, be stochastic processes with values in R d such that 



W 



■ U. Let $ : B(R d ) -► B(W } ) and $„ : D(J 



5(R P ), n £ N, 6e measurable mappings such that 



P(« G C#,(*„ 



1. T/ien $„(W r 



$(W). 



Proof. In view of the continuous mapping theorem (see, e.g., Billingsley [TJ Theorem 5.5]), it suffices to 
check that P(U € -D$.($„) ) = 1. For a function a 6 C(R d ), a„ — ► a in D(R d ) if and only if a n a 
(see, e.g., Jacod and Shiryaev VI.1.17]). Consequently, C(R d ) n $" 1 (C(R P )) n A£>,(* n )„ eN = C#,(*„) neN 
implying £>*,($„ )neN D <?*,(*„)„£„• □ 



Theorem 3.2 Let (3, 7, 77, {Uk)kez + , (•7"X t )fcez + W™ /or n £ N be as in Theorem \2.1\ Assume 

that the SDE (|2.ip /ias a unique weak solution with Uq — uq for all uq £ R d . Let (Wf )tgR + 6e a solution 
of ()2.ip tuif/j initial distribution rj. 

For each neN and k£Z + , let ij} n>k : (R d ) fc+1 -> R p lea B or el function, and let : D(R d ) -> B(RP) 
6e defined by 



for a £ B(R d ). Let 





(a)(f) := ^„,L„tJ 


-a(0),...,a(ifl)-a( 




■.= ^(17$,..., U%), 


& G Z+, 7i € N, 


vr 


:= V£ tJ = *„(W") t) 


teK+, neN, 




l™*J ,* 






:= 5^ K-i ® E£ = / 


V"_(g)dw;, teR+ 




fc=i J ° 





71 G N. 



Let * 



d ) — * D(R P ) be a measurable mapping such that P(ti £ C*,(*„)„ eN ) = 1- Let 



V t := *(W) t 



V s -<E)dU s , t £ R + . 



Let the mappings f3' : B(R d ) ^ B(R d x W d ) and 7' : E>(R d ) -> P(R dxr x I^) w ) be defined by 



P'(a)(s) 



f3(s,a(s)) 
*(a)(s) ® 0(s,a(s)) 



, 7 '(a)( a ) 



7(s,a(s)) 
*(a)(s) ® 7(s,a(s)) 



Let /i' 



6e a continuous function with compact support satisfying h'(x) = x in a 



neighborhood of 0. Suppose Uq > rj, and for each T > 0, 



(i) sup 

te[o,T] 



fc=i 



0. 
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|nij 



(ii) sup 

te[o,T] /,— i 

(iii) E p (ll^fc 11(1 + II^ZLill) > 6 | -TT-i) ^ /oraiZ > 0. 
fe=i 



Proof. Our first aim is to prove (Lf n ,y n ) — > (If, y). We start by showing that the sequence (U n , y n ) n eN 
is tight in B>(R d x RP d ), and for this we will use Theorem VI. 4. 18 of Jacod and Shiryaev [5]. By the 
assumptions, the sequence (Wo,3^o) = (Uq,0), n £ N, is weakly convergent, thus obviously tight in 
R d x R pd , hence condition (i) of Theorem VI. 4. 18 of Jacod and Shiryaev [5] holds. For each n £ N, the 
process (W",y")teR+ is a semimartingale with characteristics (B' n ,C' n ,v' n ) relative to the truncation 
function b! given by 

\nt\ 

B? := ]T V k n _, ® E/j?) | J^), 

fe=i 



Cf := 0, 



LntJ 



fc=i 



for g 



l d x K pd 



Borel functions, and modified second characteristic 

Int] 

C? := Var (W£> ® £/£) | 
fe=i 

(see Jacod and Shiryaev [3 II.3.14, II.3.18]). For all T > 0, 9 > 0, e > 0, 

P(V"([0,T]xl { | N | >e} )>e) 

L»Tj 



= P £ P(ll(^",^i ® > | > E 



fc=l 



by assumption (iii), hence condition (ii) of Theorem VI. 4. 18 of Jacod and Shiryaev [5] holds. 

In order to check condition (iii) of Theorem VI. 4. 18 of Jacod and Shiryaev [5], first we will show 



P'(U n ) s ds 



P'(U) s ds in D(M x R pd ) 



(3.1) 



We will apply LemmaO We have /„ ds = $p'(U)t, and for each neN, Jj /?'(W n ) a ds = $p,(U n ) 



with the measurable mapping <I> 



0' '■ 



*P (<*)(*) 



l d ) -* B(R d x W d ) given by 



f3'(a)(s)ds, a £ B(R d ), f e R+. 



o 



Observe that assumptions (i)-(iii) imply that conditions (i)-(iii) of Theorem 12.11 hold, thus we conclude 
L - ii a -- -v I- nvni'v K> sn.nv kim - ,J ^gi) = i, it is enougn to cnecK _J o*.(* n ) n€1 



W as n — > oo. In order to show P(W £ C$ , ) = 1, it is enough to check C$ , D C*.(*„)„ e 
Clearly $ p ,(C(M. d )) C C(R d x W d ). Now we fix T > 0, a function a £ (7 w ,(# n )„ eN and a sequence 



(a n )„ e [i[ in H)(R d ) with a r , 



lu 



a. Obviously 



sup ||$^(a n )-^(a)|| <T sup ||/?'(a„)(i) - (3'(a)(t)\\, 
te[o,r] te[o,T] 



hence it suffices to show 



sup ||/9(t,a„(t))-/9(t,a(t))|| -> 0, 
te[o,T] 

sup ||*(o n )(t)®/3(i,o n (t))-*(a)(t)®/3(i,a(t))|| -»• 0. 
te[o,T] 



(3.2) 
(3.3) 
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For sufficiently large n G N, we have sup tg r 0T i — a(t)\\ ^ f, thus sup tg [ 0T ] ||a„(i)|| ^ 1 + 

supjgjQ'p] ||a;(i)| < oo. The function j3 is uniformly continuous on the compact set [0,T] x {x G R d : 
||x|| < 1 + sup te [ T j ||a(t)||}, hence (|3.2|) holds. Moreover, 

||*K)(t) ® a n (t)) - *(o)(i) ® a(t))|| 

< ||*(on)(t) - *(a)(*)||||y9(*,a»(*))|| + ||0(*,a n (*)) - /3(f,a(t))||||*(a)(t)||. 
Continuity of ^(a) implies sup te r T i ||^(a)(t)|| < oo. For sufficiently large neN, sup tg [ 0i T] \\P(t> a n(t))\\ ^ 
l + sup te r 0iT i \\0(t, a(t))\\ < oo (by convergence (j3.2|) and bv continuity of a and [3). By W(a n ) —+ *B(a), 
is also satisfied, and we conclude C$ , D C*,(*„)„ eN - Consequently, P(U G C* ,) = 1, and by 



Lemma [3~T1 we obtain (|3.1|> . If a G C(R d ) and (a„)„ e n is a sequence in D(M d ) with a n a then for 
all T > 0, sup tS [ .T] ll a n(*)|| — * su Pte[o,T] ll a WII as n ~~ * 00 ■ (See, e.g., Proposition VI. 2. 4 of Jacod and 
Shiryaev [5].) Hence, by the continuous mapping theorem, we obtain 



sup 

te[o,T] 



(3'(U n ) s ds- f P'(U) s ds 
o Jo 



as n — > oo. 



This together with assumption (i) implies 



sup 

te[o,T] 



Bf- / (3'(U) s ds 



as n -> oo for all T > 0. (3.4) 



Particularly, the sequence (B /n ) n eN is C-tight in D(R d x R pd ). Indeed, the Skorokhod topology is 
coarser than the local uniform topology, hence (|3.4j) implies g(B' n ^ pi(L(j) — —>■ 0, where g denotes 

a distance on lD)(R d ) compatible with the Skorokhod topology. Consequently, B' n — > ^^(U) with 
P(^(W)eC(R d xr' i )) = l. In a similar way, the sequence (C' n ) neN is C-tight in 0(R dxr x R(P d ) xr ). 
Moreover, assumption (iii) yields 

i/™([0, T] x ffc ) as n -> oo (3.5) 

for all T > and all c> 0, where ffc : R d x RP d -> R + is defined by (|2~2j) . Therefore all hypotheses of 
Theorem VI. 4. 18 of Jacod and Shiryaev [5] are fulfilled, hence we conclude that the sequence (<U n ,y n ) n eN 
is tight in B(R d x 



It remains to prove that if a sub-sequence, still denoted by (U n ,y n ) n eN, weakly converges to a limit 
distribution then the limit is the distribution of (U,y). For this we will apply Theorem IX. 2. 22 of Jacod 
and Shiryaev [5]. The process (W t ,3 ; t)teR+ is a semimartingale with characteristics (B',C',0), where 

is 



B' t := ( (3\U) s As, C' t := f i (U) sl ' {U)l &t 
Jo Jo 



(see Jacod and Shiryaev [U IX. 5. 3]). By Remark IX. 2. 23 of Jacod and Shiryaev [5], assumptions (i)-(iii) of 
Theorem l3 . 2l implv that condition (i) of Theorem IX. 2. 22 in |5] is met. To prove the continuity condition (ii) of 
Theorem IX.2. 22 in [5], consider the measurable mapping $ : D(R d ) -> D(R d x (R d x W d ) x (R dxr x R^ xr )) 
given by 

$(a)(i) := (a(t),$^(a)(i),$ 7 /(a)(i)), a G P(M d ), f G R+. 

As we have already proved, P(lA G C* , n C$ , j = 1. The local uniform topology on ]D>(R m ) is the m-fold 
product of the local uniform topology on D(R), hence we obtain C$ D C* a , n C$^, . Using again that the 
Skorokhod topology is coarser than the local uniform topology, we conclude D$ D C$. Consequently, the 
continuity condition P(l4 £ = 1 holds. Hence all hypotheses of Theorem IX. 2. 22 of Jacod and Shiryaev 

[5] are met, therefore (U n ,y n ) (U,y). Again by Lemma (3ZEJ), we obtain (U n ,V n ,y n ) (U,V,y). 
□ 

Corollary 3.3 Let (3, 7, -q, (U£)k£Z + , (•7 r fc)fcez + an d U n for neN be as in Theorem \2.1[ Suppose 
that E(||Z7£|| 2 | < 00 /or oil n, fc G N. issurne </iat the SDE (gUJ /ias a unique weak solution 

with Uq — uq for all uq G M. d . Let (Ut)teR + be a solution with initial distribution r\. Let V, 
y, P', 7', (ip n ,k)keN, ^n, {V£)k£Z + , V" and y n for neN be as in Theorem HOI Suppose that 
P(U G Cq, i^v m ) = 1. Suppose Uq — — > ?y, and for each T > 0, 
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(i) sup 

te[o,T] 



(ii) sup 

te[o,T] 




ui: 



?k-l) -/o7'(W n ),7'(W")Jd S 



0. 



(iii) EEfefa + ll^lPJl^iDflKi+IWJI^^f-O-^O /or a// > 0. 
fc=i v j 



Then {u n ,v n ,y n ) (u,v,y). 

Proof. This follows from Theorem 13.21 in the same way as Corollary 12.21 from Theorem 12. II 



□ 



Acknowledgements. The authors have been supported by the Hungarian Scientific Research Fund under 
Grant No. OTKA T-048544 and OTKA T-079128. 



References 



[9 



[10 



P. Billingsley, Convergence of Probability Measures, 2nd ed. (Wiley, New York, 1999). MR1700749 

S. N. Ethier and T. G. Kurtz, Markov processes. Characterization and convergence (Wiley, New 
York, 1986). MR0838085 

I. I. Gikhman and A. V. Skorokhod, Introduction to the theory of random processes (W. B. Saunders 
Co., Philadelphia, Pa.-London-Toronto, Out., 1969). MR0247660 

M. Ispany and G. Pap, Weak convergence of step processes and an application for critical multitype 
branching processes with immigration (2007). http://arxiv.org/abs/math.PR/0701803 

J. Jacod and A. N. Shiryaev, Limit Theorems for Stochastic Processes, 2nd ed. (Springer- Verlag, 
Berlin, 2003). MR1943877 

A. Jakubowski, J. Memin and G. Pages, Convergence en loi des suites d'integrales stochastiques 
sur l'espace D 1 de Skorokhod, Probab. Theory Related Fields, 81 (1989), 111-137. MR0981569 

A. Joffe and M. Metivier, Weak convergence of sequences of semimartingales with applications to 
multitype branching processes, Adv. in Appl. Probab., 18 (1986), 20-65. MR0827331 

T. G. Kurtz and Ph. E. Protter, Weak limit theorems for stochastic integrals and stochastic 
differential equations, Ann. Probab., 19 (1991), 1035-1070. MR1112406 

T. G. Kurtz and Ph. E. Protter, Weak convergence of stochastic integrals and differential equa- 
tions, Probabilistic models for nonlinear partial differential eguations (Montecatini Terme, 1995), 1-41, 
(Lecture Notes in Math., 1627, Springer, Berlin, 1996). MR1431298 

T. G. Kurtz and Ph. E. Protter, Weak convergence of stochastic integrals and differential equations. 
Working paper, 2004, 

http : //www. orie . Cornell . edu/~protter/WebPapers/KPwkConvStoch!ntI .pdf 



9 



